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Backward Uniqueness for Parabolic Equations
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Abstract

It is shown that a function u satisfying |9, + Au| £ M (Ju| + |Vul), lu(x, t)| £
MeMIP in (R™\ Bg) x [0,T] and u(x,0) = 0 for x € R" \ Bg must vanish
identically in R" \ B x [0, T].

1. Introduction

In this paper we prove backward uniqueness for solutions of
|0;u + Au| < M (lu| + |Vu|) (1.1)

in Qr.r = R"\ Bg x [0, T], where Bg = {x € R" : |x| £ R}. Our main result,
Theorem 1 below, says that under natural regularity assumptions on u, any solution
of (1.1) with controlled growth at infinity which vanishes at # = 0 must vanish
identically. The required growth condition is

lu(x, )] < MM, (1.2)

The main point of the theorem is that the values of u at the parabolic boundary of
QR are not controlled by the assumptions. When Qg 7 is replaced by R” x [0, T']
the statement of Theorem 1 follows, for example from [2] and [17]. Papers [14,
18, 20] also contain important related results. We remark that classical examples of
A. N. Tikhonov show that Theorem 1 fails, even in R” x [0, T'], when the growth
condition (1.2) is slightly weakened.

One interesting consequence of Theorem 1 is that it settles a well-known prob-
lem in the regularity theory of the Navier-Stokes equations. This is explained in
[19], where Theorem 1 was conjectured and proved for bounded u in the simple
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case when (1.1) is satisfied with M = 0. To formulate the result implied by Theo-
rem 1 and [19], let us consider the classical Cauchy problem for the incompressible
Navier-Stokes equations in R3 x 0, 7),

vy+v-Vo+Vp=Av in R3><(O,T),

dive=0 in R?x(0,7),
v(x,0) = vo(x) in R>. (1.3)

We assume that v is a smooth divergence-free vector field with suitable decay
at 0o. It is known that the problem (1.3) has at least one Leray-Hopf weak solution.
(See, for example, [12, 7].) As proved in [19], Theorem 1 implies the following
result.

Theorem. In the notation introduced above, assume that a Leray-Hopf weak solu-
tion v of (1.3) is bounded in the space L0, T; L3(R3)). Then v is smooth in
R3 x [0, T).

In fact, it can easily be seen from this and the local well-posedness of (1.3) in
L3 (see [11]) that the following slightly stronger statement is true: If vo is as above
and a Leray-Hopf solution v of (1.3) is bounded in L>(0, t;; L3(R?)) for some
1 < T, then v is smooth in R3 x [0, 11].

Theorem 1 is also of interest in control theory. MICU & ZUAZUA have shown
in [16] the lack of null controllability of the heat equation on the half space for any
positive time with L? control on the lateral boundary and for a large class of initial
data. Theorem 1 shows that the same holds for operators d; + A +b -V + ¢ when b
and ¢ are bounded functions, and for domains containing the complement of a ball
in R". In fact, b and ¢ can be considered as additional controls and the theorem says
that under the growth assumption (1.2) null controllability by bounded controls for
ur+Au+b-Vu+cu = 0isnot possible, except for the trivial case when u vanishes
identically. For exact controllability of the heat equation for bounded domains we
refer the reader to [10, 15], for example.

The proof of Theorem 1 uses the following Carleman inequalities:

1. Seto(t) = te~'/3 and 0,(t) = o(t + a). Then, there is a constant N = N (n)
such that the inequalities

—a=1/2 _jx—yP/8(+
lloa e POy L mac0.1))

+ Ilaa*ae*\xfylz/S(”r“)Vu lZ2®n % 0,1)
< N”Ga_ae—|x—y|2/8(t+a> (Au + 3u) || 2R x(0,1)) (14

hold foralla = 0,y € R",0 < a < 1and u € Cj°(R" x [0, 1)) verifying
u(.,0)=0.
2. There is a constant «g = (R, n) such that the inequalities

a(T—1)(|x|—R)+Ix|? a(T—1)(1x|—R)+lIx|?

lle

ull2(gp )+ lle Viulr20z 1)

_ _ 2
< Nl T (Au + 8 Nl 20 )

2
+ 1" Vul, Tl 2o 5y (1.5)
hold for all @ 2 ap and u € C§°(Qg,7) satisfying u(., 0) = 0.
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The first Carleman inequality, based on ideas developed in [3-6], is used to
prove that under the assumptions of Theorem 1 we have

lu(x, )] + |Vulx, )] < Ne PP/OVD

for some N > 0 in Qgg, r.This estimate enables us to apply the second Carleman
inequality to the (slightly modified) function , and obtain the result (for sufficiently
small T') by letting « — oo.Inequality (1.5) seems to be new.

As is usual in the context of L2 Carleman estimates, we use suitable integration
by parts to prove our main inequalities. The calculations can be organized either by
using identities developed in [6], or by following more or less standard calculations
with new dependent variables and commutators in the spirit of [8, 9] or [21]. In
this paper we will use the former method, which is based on Lemma 1 below. An
alternative proof of Theorem 1, which uses the latter method and a slightly modified
version of (1.4) and (1.5) will appear elsewhere.

2. Proof of the main result

In what follows we assume that the functions entering the expressions below are
“sufficiently regular” so that the quantities we consider are suitably well defined.
For example, the assumption that the derivatives entering our formulae are distri-
butional derivatives and are square integrable over bounded sets is sufficient.

Theorem 1. Assume that u : Qr,7 —> R verifies in Qg 1 the inequalities
|Au+ du| < M (Jul + |Vul) and |u(x,1)] < MM’

for some positive constants M, T and R. Then, ifu(x, 0) = 0inR"\ Bg, u vanishes
identically in QR T.

Though the proof of this result is given for real-valued functions, the argu-
ments also work when u is replaced by a vector-valued functionw : Qg7 — R”
verifying the same conditions and the inequality

|Aw + | = M (lo] + [Vol). 2.1)

This is because (2.1) is a triangular parabolic system with d, + A as the principal
part and the solutions w to (2.1) verify the L® bounds [13] for real-valued subso-
lutions to parabolic equations: if w € W22’ ’lLC(Q R.T) 1s a solution of (2.1), there is
a constant N depending on M such that
2s
VsV (y, )| + lw(y, s)| < n—+1 / lw|dX
B /5 (y)

when |y| > 24/s + Rand 0 < s < T/2.

To prove the result we need four lemmas. The Lemmas 1 through 3 are used
to build the Carleman inequalities. In Lemma 4 it is shown that u vanishes in
R™\ Bg x [0, M] when M is small, R = 1and T = 1, and the general case follows

using suitable parabolic rescalings and time translations.
Below d X = dxdt and 7 denotes the identity matrix.
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Lemma 1. Assume that u and G are smooth functions on an open set in R"*! and
that G is positive. Then, the following identity holds when F = (0,;G — AG)/G:

V- [20,uGVu + |Vu|*’VG — 2 (VG - Vu) Vu + uFGVu
+ 3P FVG — 3GV F) o [IVulG + Ju? FG]
=2 (du — ViogG - Vu + Y Fu) (Au + 9u) G — 2(du — V1og G - Vu
+1Fu)*G — Yu* (3, F + AF) G —2D*(log G)Vu - Vu G.
Proof. The formula follows formally upon expanding the left-hand side with the

product rule, multiplying out the products and squares on the right-hand side and
comparing both outcomes.

The main ideas behind the previous argument come from the following obser-
vations. First,

2(du —ViogG - Vu + A Fu) (Au+ du) G
—2 (u — V1ogG - Vu + 1 Fu)’ G
=2(8u—ViogG - Vu+ 1Fu) (Au+VlegG - Vu — L Fu) G,
and the operators

A=9—VlogG -V+3F and S=A+VlgG -V —3F

are respectively antisymmetric and symmetric in L?(GdX).We can now use the
Rellich-Necas identity with vector field VG,

VG -Vuhu = AG|Vul> —2D*GVu-Vu—V. <|Vu|2VG —2(VG - Vu) w),

to compute the quadratic form associated with the commutator of these two oper-
ators in L2(GdX).

Now, integrating the formula in Lemma 1 over R” x [0, T'] we get the following
identity.

Lemma 2. Assume that G is a smooth positive function in Qr.1, u € CSO(QR,T)
and set F = (0;G — AG) /G. Then, the following identity holds:

2/ (du — ViogG - Vu + %Fu)zGdX—i—Z/Dz(logG)Vu -Vu GdX
+%/u2(3tF+AF)GdX

= 2/ (Au+ du) (du — V1ogG - Vu + 1 Fu) GdX
t=T

t=T
+ /|Vu|2de +§fu2Fde
t=0

t=0
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Thus, in general we can expect to control the L?(G d X) norm of u and Vu by
the L2(G dX) norm of Au + d;u, where log G is convex and o; F + AF > 0.

In particular, when G = Q2T (x| =R+2Ux* (he following inequalities hold
on Q. 1 for @ > 0 sufficiently large depending on n and R:

D*(logG)=2Z, F<0 and 8F+AF = 1. (2.2)

Then, the second Carleman inequality (1.5) follows from Lemma 2, (2.2) and from
the Cauchy-Schwarz inequality (which is used to handle the first integral on the
right-hand side of the formula in Lemma 2).

The Carleman inequality (1.4) involves the function G = ¢~ /4 In this case,
D?*(log G) = —%I and log G is concave, but multiplying the identity in Lemma
1 by a suitable function depending on time, we can make the “commutator”of the

two operators given below a positive operator. In particular, following the formula
(2.3) below,

ol oo
- oru—VlogG -Vu — —u | (Au+0u) G
o 20
ol as \?
- — oou—VlogG-Vu— —u | G
20
l_a . .
o oo oo
= — oiu —VlogG -Vu — — Au+VlogG-Vu+ —u |G,
o 20 20

and the operators
ac ac
A=0—-VlogG-V—— and S=A4+VlegG -V + —
20 20

are respectively antisymmetric and symmetric in L?(0 G dX). Then, the qua-
dratic form associated with the “commutator”’with respect with the measure #
G dX is calculated using the divergence theorem.

Finally, the parameter a € (0, 1) in the Carleman inequality (1.4) is there to
make rigorous the integration by parts done in its proof when u € Cg°(R" x [0, 1))
and u(x,0) = 0 on R". Setting there @ = 0 would only allow us to enter in
(1.4) functions u € Cg°(R" x (0, 1)) or vanishing to infinite order at (y, 0) in the
(x, t)-variable.

Lemma 3. Let « > 0, G denote a positive caloric function in R" x [0, 1] and
o = o (t) a positive non-decreasing function on [0, 1). Then, the following identity
holds for allu € Cg°(R" x [0, 1)) verifying u(x,0) = 0 on R":

I—a . 2 l—
2/0, <8tu—V10gG~Vu—Eu> de+f“, D6V - Vu G dX
o 20 o

ol ac
:2/ (Au + 0su) (8,u—V10gG-Vu—2—u>GdX,
o

I

where Dg = lo/g\% 7+ 2D2(log G).
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Proof. Replacing in Lemma 1 the function G by 6 ~*G, we have F = —a@
and the identity

— 2 ac a4
o %V -|20,uGVu + |Vu|*VG — 2 (VG - Vu) Vu — —uGVu — 2—u VG
o o
— 2% <a,u ~VlogG - Vu — Z—Gu> (Au+ d,u) G
—a a0 ? o —oz/“\ 2
—20 ou—VlogG-Vu — —u | G+ —o “logou”G
20 2
—a 2 —a 2 ag —o 2
—207%“D*(log G)Vu - VuG + 9, |:<7 |Vul“G — 2—0 u Gi| .23
o

Multiplying (2.3) by £ and using the identities

o\ —— —% o iy
<7)logo = 10gZ, Zo, |o—vurc — 22 G
o o o 20

Gl—a ) oY ) Gl—a /\0 5
0y —|Vu|*G — u'G|— ——Ilog —-|Vul°G
o 2 o o

oo ¢

+

5 ,
log —u”G,
o

it follows that

l—o

) oG [
V- [20uGVu + | VuPVG =2(VG - Vi) Vu = —uGVu — -1’V G
o o

201 o oo
= (8,u —VlogG - Vu — 2—14) (Au +0u) G
2 -« . 2 -
o (8u—-ViogG -Vu— 224} G- D6V - Vu G
20
D _
1o [G Vul’G = =—u G} 2.4)

and the identity in Lemma 2 follows upon integrating (2.4) over R” x [0, 1].

When a € (0, 1) and taking respectively in Lemma 3 as G and o the functions
Ga = (t +a)~"2e KP/40+0) and o, = (t + a)e(+9/3 | we have

1 1
—(t+a)So,t)St+a, —=Z6,0<1 and Dg, 21T (2.5)
3e 3e « =3

when ¢ € (0, 1) and (x, 1) € R" x (0, 1). With these choices, the integrations by
parts done in the derivation of Lemma 3 are valid when u € Cgo (R™ x [0, 1)) and
u(x,0) = 0 on R”, and from Lemma 3, (2.5) and the Cauchy-Schwarz inequality,
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— 1/2 — 1/2
||Ua aGa/ VMHLZ(R"X(O,I)) 5 ”O'a aGa/ (AM + 8;1/1) ”LZ(R"X(O,I))' (26)

Multiplying the identity

(A + 3,) %) = 2u(Au + du) + 2|Vul?
byo, 22 G, then integrating by parts the operator A +9; acting on u? over the other
terms in the corresponding integral over R” x (0, 1), and using the Cauchy-Sch-

warz inequality to handle the cross term, (2.5) and (2.6), we find that the following
inequality holds when o > 0:

—a—1/2 ~41/2 — 1/2
\/&”Ua a=1/ Ga/ u||Lz(RnX(0’1)) + ||Ua aGa/ V“”U(R"x(o,l))
_ 1/2
5 ||Ua aGa/ (AM + atu) ”LZ(R"X(O,I))‘

This proves the Carleman inequality (1.4) upon replacing & by o — 7 and observing
that the previous inequality is invariant under translations of the space variable.

Lemma 4. Assume that u satisfies in R" \ Bg x [0, 1]
|Au+ dul <& (ul + [Vul),  |ux, )] < e 2.7)

and u(x,0) = 0in R" \ By for some R 2 1. Then, there is ¢(n) > 0 such that u
is identically zero in R" \ Bg x [0, ] when ¢ < £(n).

Proof. In order to obtain this result we first show that there exists e(n) > 0 and a
constant N = N(n) such that any such function verifies, in R” \ Bgr x [0, %],

lvl2
lu(y, )|+ [Vu(y, )| £ Ne PN (14wl poo g0\ Brx10,11)) (2.8)

when ¢ < g(n).

Assuming that u verifies (2.7), |y| = 6R, a € (0, 1) and that r = 4|y| is
a large number, we will apply the first Carleman inequality (1.4) to u,(x,t) =
u(x, )y, (x), where p € C*°(R) and v, € CG°(R") satisty ¢ = 1forr < 1/2,
@ =0fort 2 3/4,v, = 1for3R < |x| £ 2r, vy, = 0for [x] £ 2R and |x| = 3r,
0 < ¢, ¥ < 1,and taking @ = k, k € N, in (1.4) . With these definitions we have

—k—1/2 —|x—vy|2/8(¢ —k —lx—v|%/8
log "2 H RO |y 4 o ke SEOTy, |

_ Clv—vl]2
< o ke WU (A 9, () | 2.9)
On the other hand,

[(A+3) )| = e (Jurl + [Vur]) + 1¢ul
+ @ llul (AY [+ VYD) + 21V || Vul], (2.10)
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and from (2.9) it is possible to hide the first term on the right-hand side of (2.10)
in the left-hand side of (2.9) when ¢ is sufficiently small, and obtain, for k 2 0,

—k—1/2 —|x—y|>/8(t —k _—|x—y|%/8(t
L P KA A P

—k ,—|x—y[?/8(t+a)
5 l 0, € u”LZ(R”\BRX[%,%])

—k —|x—y?
| o ke P8R (1) 4 |V ”LZ(B,zR\Bsz[O,%])

12
+ || o KT PIEBEED (4| 4 V) |2 2.11)

(B3\Borx[0,31)"
The standard L* bounds for the gradient of subsolutions to parabolic equations
[13] imply that there is a constant depending on n and k such that

ko x—vl|2
| o ke WIP/8U+a) () 4 |vu)) ”LZ(Bg,\Bz,x[o,%])

—k —r2
Sa e " |lullp= By \B)x[0,1])5

and from the growth condition (2.7), the right-hand side of this inequality tends to
zero as r — 400 when ¢ < 1/16. Then, letting first r — +o00 and then a — 0 in
(2.11), it follows from (2.5) that there is a universal constant N = N (n) such that,
fork = 0,

—k—1/2 —|x—y[2/8t —k p—lx—yI*/81
It ¢ “ll 2@ Bog 10,4y + 1777 Viull 2@ By xio. 1)

ky —lx—y|?/8t
< NI o o g2

)

—k —lr—y?
+Nk||t k ,—lx—y|*/8t (lu| + |Vul) ||L2(B3R\32R><[0,%])' (2.12)
From (2.7),
2 2 b=yl 2
e P o o gt 3y S €T @ ST (@13)

On the other hand, e~ =yIP/8t < e P/160 when x € B3g \ Bag and from Stirling’s
formula [1]

maé( t—ke—|y|2/l6t — |y|_2k(16k)k€_k é |y|_2kak!,

t>

and from this fact and the standard L bounds for the gradient of subsolutions to
parabolic inequalities [13] we have

—k g—lx—y[?/8t

Il (lu] + [Vul) ||L2(B3R\BZRX[O,%])

< NP2 Nl o B4\ Br x10,1) - (2.14)

Then, (2.12)—(2.14) and (2.7) imply that there is a constant N = N (n) such that,
for |y| Z 6R and k = 0,
—k p—lx—yI?/8t

— 2
It ull 2 m pypxio,dy S N CUYITH Nl oo B Bexioan + e,
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and multiplying this inequality by |y|/ ((2N )kk!) and adding up ink = 0,

I¥I/(AN1) p=|x—y[*/8(r-+a)

lle ul| S T4 lullLoo(Byg\Bg x[0,1]) -

(2.15)

L2(R"\Bog x[0. gy )

Then, from standard estimates for subsolutions of parabolic inequalities [13],

1 2s
lu(y, ) + v/s|Vu(y, )| < / / luldX, (2.16)
s JB ()

s

and the claim (2.8) follows from (2.15) and (2.16).

Now, we apply the second Carleman inequality (1.5) to u,,, = uy,, , where
0 <a < 1,r > 0is a large number, ¥, , € C;°(R") verifies ¥, , = 0 for
x| £ A +a)Ror|x| 2 2rand ¢, , = 1for (1 +2a)R < |x| £ r, and choosing
T = 4e, where 0 < ¢ < 1/(10N) and N is the constant in (2.8). In particular, we
have

a(4e—1)(|x|—R)+|x |2 a(4e—1)(Ix|—R)+|x|?

lle V”“!f”LZ(QRAg)

ua,r”Lz(QRAg) + |le
2
< [|le*@emDWI=RFT (A 4 8)) (a) ll 12005.00)

2
+ 1™ Vug (., 48) 2Ry (2.17)
As before,

[(A+9) (ua,) =& (|”a,r| + |V”a,r|)
+ lul (1AYar| + 1V¥arl) + 20V ¥arVul, (2.18)

and the first term on the right-hand side of (2.18) can be hidden in the left-hand side
of (2.17) when ¢ is sufficiently small. These imply that the following inequality
holds with a constant depending on a > O:

elanaR| < e8aer+4r2 ”

Ul 22(B\B 14100 m x[0.61) S lul + IVulllL2(8,\ B, x[0.46])

8aeaR
te I[ee] + |Vu|||L2(B(1+2a)R\B(1+a)RX[0»45])

2
1w 40 28,0\ By )

2
1M VuC 402808 )
This inequality and (2.8) imply that for some constant depending on a and ¢,

2
< Lar—r —2aeaR
Il 2B\ Bt 100 x 106D S €7 He :

Then, letting first 7 — 400, then &« — 400 and finally @ — 07T in the last
inequality, gives u = 0 in R" \ Br x [0, ¢].
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In general, when u satisfies the assumptions in Theorem 1, there is § > 0 such
that the function u (§x, 82t)/M, also denoted u, verifies (2.7) in R"\ Bg x [0, T'] for
somenew R = land T = 1and with ¢ as small as we like. If T = 1, Lemma 4 gives
u=0inR"\ Bg x [0, €]. Then, u(x, t 4+ ¢) satisfies (2.7) in R” \ Bg x [0, T —¢],
andif T —e 2 1 we getu = 0in R" \ Bg x [0, 2¢]. Proceeding in this way, we
finda = Osuchthatu = 0inR"”\ Bg x [0,a]and0 < T —a < 1. Settingap = a
and u(x,t) = u(/T — ag x, (T — ap)t + ax) when k > 0, uy verifies (2.7), and
Lemma 4 implies thatu = 0in R" \ Br % [0, ag+1], where ax+1 = (1 —€)ay +Te.
The sequence {ax} is non-decreasing and 0 < a; < T for all k = 0. These two
facts imply that limg_, y o ax = T, and prove the theorem.
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